TORSION FREE SHEAVES ON CUSPIDAL CURVES 
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o 

^S) ' Abstract. We study torsion free sheaves on integral projective curves with at 

most ordinary cusps as singularities. Adjusting Seshadri's structure from the 
jrt ' nodal case to this one, we describe these sheaves by means of a triple defined 

in the normalization of the curve. 



(N 



< 









m 



^ 



1. Introduction 



In [6], C. S. Seshadri characterized a torsion free sheaf on a nodal curve in terms 
of a triple data in its normalization. More recently, in [T], H. Lange along with 
the first and second named authors gave to Seshadri's result another proof within 
a categorical framework, besides extending the discussion to stability. The aim of 
this article is to answer whether it is possible to apply the methods in [I] to get 
a structure like in [6 to describe torsion free sheaves on cuspidal curves. So our 
technique, as in [1 , differs from the other papers on the subject as OlSJIl]. 
^ , More precisely, let C be a curve, i.e., an integral and complete one dimensional 

On ' scheme over an algebraically closed field. Let also C be its normalization. Assume, 

first, that C has just one singular point P which is an ordinary node and let Pi 
and P2 be the points in C over P. In [6, Ch. 8], Seshadri totally described a 
torsion free sheaf J- on such a C in terms of three data: (i) a bundle E on C; 



(ii) a pair (Vi, V2) of vector subpaces of the fibers E,p ■. and E,p ^ respectively; 



fsg . (iii) a linear isomorphism a : Vi -^ V2. This characterization naturally extends to 

curves allowing nodes at most as singularities, no matter how many. We think it is 
important to say that a key point of his proof is certainly 6, Prp. 2, p. 164] which 
gives a local description at the singular point, that is, Fp ~ 0®°' © m®''^" where 

^% . r is the rank of J- and a is an integer depending on J- which, actually, determines 

the dimension of Vi and V2 above. 

In [1], a categorical structure was given to this set of triples, and it was proved 
that the assignment J^ H- {E, {Vi,V2)t cr) is functorial. Here, we want to establish 
a similar result when C is cuspidal. 

Before stating the results we have, we briefly introduce our set-up: a point P (£ C 
is said to be a (first order) cusp if it is unibranch, i.e., there is a unique point P ^ C 
with P over P and dim(Op/C'p) = 1. For a torsion free sheaf J^ of rank r on C, 
one defines its degree as deg(J^) = x{^) ^ ^x(Cc) where x[^) denotes the Euler 
characteristic of J-. With this in mind, we have the following. 
Theorem. Let C he a curve with singular points Pi, . . . ,P„, which are all cusps. 
Then the following hold: 



(1) If J- is a torsion free sheaf of rank r on C , then 



J-p. ^ 0®.°- © mf-"' 
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for I < i < n. Each integer ai is uniquely determined by J- and called the 
local semirank of J- at Pi since it agrees with r iff Tp^ is a free Op. -module. 
The semirank of T is the tuple a :— (ai, . . . , a„); 
(2) Let Pi be the point of C which lies over Pi, for I < i < n; and let uj^ be 
the dualizing sheaf on C . Then here is an equivalence between: 

• the category F(r, d, a) of isomorphism classes of torsion free sheaves 
on C , of rank r, degree d and semirank a; 

• the category T{r,d, a) of triples (-E, {V^ijj'Li, {ctj}"^!) where 

(i) E is a bundle of rank r and degree d — nr — X]i=i '^i ^^ C"; 
(ii) Vi is a vector subspace of dimension ai in the direct sum of fibers 

Eg,^^(B{E®uJc)(p^); 
(ill) Ui is a linear endomorphism in GL{Vi). 
and where a morphism of triples 

$ : {E,{v,}7=i,W^}7=i) ^ (i^MKIILi, WKU) 

is a morphism ^ : E ^ E' satisfying ($(p.) ® ($ » l)(p.))(V^i) C V/ 
such that 



V, ^K: 



*cp.)e(*®i)c 



Pi) 



*(-p.)e(*«>i)(-.) 

V' —^^ V 

is a commutative diagram for i — 1, . . . ,n. 

It is important to point out that one is able to mix the above result together 
with [3 Thm. 3.2] to get a categorical characterization of torsion free sheaves on 
curves having double points - nodes or cusps - at most as singularities by means 
of triples. 
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2. Proof of the Theorem 

We start by proving part (1) of the Theorem by means of the following result. 

Lemma 2.1. Let R be a local ring in an algebraic function field of one variable over 
an algebraically closed ground field k. Let also R and ra be, respectively, its integral 
closure and maximal ideal. If dimkiR/ R) = 1 then for any finitely generated torsion 
free R-module M there are uniquely determined integers a and b such that 

Proof. Set K\k to be the algebraic function field. Under the hypothesis above we 
have k C R C R C K where K and k, respectively, agree with the field of fractions 
and residue field of R. If M splits as above then a + b = r := rk(M (g) K) and 
a + 2b = rk(M (S) k) so a and b are uniquely determined by M. 

Since i? is a semi-local Dedekind domain, it is a unique factorization domain; so 
M := (M ® i?)/Torsion(M (g) R) is free. Moreover, one is able to choose a basis for 
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M constitued by elements in M . Indeed, by Nakayama's Lemma, we need only take 
elements in M whose residues form a free basis of M / JM where J is the Jacobson 
radical of R. Therefore, we may assume 

(2.1) R®"- dM CR®\ 
If so, there is a well defined morphism 

ifi-.M^ (R/R)®\ 

Since dim(i?/i?) = 1 we are able to write R/R — kt where t is the class of a fixed 
t G R. Now we choose a basis for iunf which thus can be written as {wii, . . . , w^i} 
where wi, . . . ,Wb are linearly independent vectors in k^ . Set a := r — b and choose 
vi, . . . ,Va in fc"" such that B := {vi, . . . , Wa,^!, . . . , Wb} is a basis for k"^. 

Now B yields a new decomposition of i? .In fact, for any f G R , there are 
uniquely determined gi, . . . , ga,hi, . . . ,hb G R such that 

(2.2) / = givi + . . . + gaVa + hiWi + . . . + hbWb 

because, by the very Cramer's Rule, the gi and hi are the only solutions of a system 
of which the column vector has entries in R and the main matrix has entries in k 
and nonzero determinant since _B is a basis for k^ . 
We will prove that 

M = Rvi © ... © Rva © Rwi © ... © Rwb- 

In order to do so, write again any f £ R as in (|2.2|) . We first claim that if 
/ G M, then gi,. . . ,ga £ R- Indeed, if / G M then / is of the form 

(2.3) / = (/i, ...Jr) + {CIWI +...+ CbWb)t 

where fi £ R and Ci £ k. In fact, clearly 

f^{h+dit,...,fr+drt) 

for fi G R and di G k because R/R — kt. Now 

fif) = </'(/i + dit, ...,/,. + drt) 
= (p{dit,...,drt) 
= (dii, . . . , drt) 

— CiWit+ . . . + CbWbt 

because miip is generated by the Wii. So 

{di,. ..,dr) = CiWi + . . . + CbWb 

and / is in fact written as in (j2.3p . The problem now simplifies to the following 
one: if / G R®^ then the g^ are in R. But this is immediate: the same basis B 
which yields a new decomposition for R , yields a new decomposition for R®^ as 
well by means of the same argument. 

Conversely, given f <E R such that gi,...,ga G R then / G M. Indeed, 
if so, write hi = Cit + fi where Ci £ k and fi G R, take m € M such that 
ip{m) = ciWii + . . . + CbWbi, then 

m = if'l, ■■■,fr) + (ciWl + . . . + CbWb)t 

with /; G R. Set 

m' = giVi + . . . + gaVa + flWi + . . . + fbWb - (/{, . . . , fr)- 
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Then m' e M because A"" C M. Now / = m + rn' so / £ M. 

The resuh follows from the isomorphism R = m when dim(i?/i?) = 1. D 

Remark 2.2. The above lemma generalizes j6, Prp. 2, p. 164]. We could have 
said that, up to slight changes, the same proof applies but we did not, due to some 
relevant reasons. The proof in [6] is focused on how to get (j2.1|) . Here, the same 
argument is put within a general form, holding for a local ring of any singular point 
in any curve. On the other hand, in [5] it is stated that the desired decomposition 
is immediate from (12.11) once we assume the hypothesis and construct a suitable 
basis. Actually, the reader should note the "unusual" way a basis which works for 
our purposes is constructed here, and we still wonder how to get the lemma with 
the identification R/R = k, as done in |^. At any rate, we hope the above proof 
helps the reader understand Seshadri's ideas. 

Now we prove part (2) of the Theorem. For the sake of simplicity, we assume 
the curve has just one singular point. The general case is straight forward, once 
this is proved. 

Theorem 2.3. If C is a curve with only one singular point P , which is a cusp, 
then the categories F(r, d, a) and T(r, d, a) are equivalent. 

Proof. Let J^ be a torsion free sheaf on C of semirank a at P. Consider the surjective 
homomorphism 

J-P -^ kp 

where kp denotes the residual field at the point P. It yields an exact sequence 

(2.4) ^ £• ^ J- ^ fc®" ^ 

where k®"" is the skyscraper sheaf concentrated at P. The kernel £ is uniquely 
determined by J- and satisfies 

£p ~ m®^ 

So J- can be seen as an extension given by (|2.4I) . In order to characterize such an 
extension, let M. be the sheaf on C defined by 

imp ifg = P 
Mo = { 

^ \Oq HQ^P 

We claim that 

(2.5) E^t\k®^,£) ~ Hom(7U®^f)/Hom(0®^£:). 

In fact, we may assume h^{£) = twisting £ if needed. The exact sequence 

— ^ M®-" ^ O®" — ^ fc®" ^ 
yields the long exact sequence 

Hom(fc®",£) — > Hom(0®",£) — > Honi(X®'^,£:) — > 

-^ Exti(fc®^f) -^ Exti(0®^£:). 

ButHom(fc®'',£) = since fc®" is a torsion sheaf, and Ext\C'®"',£:) ~iJi(£)®'^ = 
since h^{£) = 0. So (|2.5p is proved. It corresponds to the bottom level of the 
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diagram 

(2.6) 0^{-2F) 



^ (OfT/mi^) ig) E-f 




^ la 



-^ /; 



where — ^ £ — )• Jq — s> /i — >■ • ■ • is an injective resolution and /( := imd. So (an 
isomorphism class of) a torsion free sheaf J-" on C is determined by a morphism 
: Al®° -^ £ (up to a.(j)' : O®" -^ £) or, equivalently, by a morphism V' : fc®" -^ ![ 
(up to a V'' : ^p° -^ lo)'; the sheaf J^ is the pushout of i and (j) or, equivalently, the 
puUback of d and V'- 

Now we build the top part of diagram (|2.6p . which will provide the functor we 
are looking for. Let tt : C — > C be the normalization map and let E be the bundle 
on C such that 

£ = n4E). 
We have that Hom(0®", £) = Hom(0®'', 7r»(£;)) 2± Hom(0^'', ^) and we also have 

}iom{M®'',£) ==Hom(M®'',7r,(^)) ~ Hom(7r*(>[®''), £;) 
^ Hom(7r*(7W®'')/Torsion(7r*(X®'')), £;) 
~Hom(0^(-2P)®",£;) 
by adjunction formula and by the fact that Hom(Torsion(7r*(A^®'')), E) = 0. Hence 

(2.7) Hom(7W®'',£:)/Hom(0®^£•) ~ Hom(e)^(-2P)®°, £;)/Hom(0®°,^). 

So J" is also determined by ^ : £'^^(-2?)®'^ ^ £: (up to a ^' : O^" -^ E). But we 
may write 

(2.8) Hom(e)^(-2P)®^^)/Hom(C'^^£;) ~ Hom(C>£^^(2P))/Hom(0®^^) 
1 and same target to same source. 



switching cf) to • 
Now, from 

— > Op(-2P) — >0-^ — > Op/m- 

tensored by E{2P) we get 

O^E^ E{2P) -^ [Op/rn^) (g) Ep 



pi "'p 











where El-p is the stalk at P. The above sequence yields the long exact sequence 
-^ Hom(C'®^ £;) -^ Hom(0®^ EiiP)) — ^ 

^ Hom(0®^ (Op/m|) ® Ep) ^ ¥.^t\0®\E). 
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Now Ext^{0^'',E) = H\E) = H^in^E)) ^ H^{£) which we may assume to 
vanish and we get 

(2.9) Hom(0®", ^(2P))/Hom(0®^ E) ~ Hom(0®", (0p/m|) ® Ep); 

and hence J^ is determined by a morphism ip : O^"^ — s> {O-p/m^) (g) E-p and diagram 
(|2.6p pictured above is now complete. It estabhshes the equivalences 

(2.10) [J"] O ■(/; (mod -0') O (/) (mod 0') O (mod (/) ) <~> 0(g)l(mod0) ■(-> (/? 



given by (E^), (|23j), dlJl), (|2H) and (|2Jl). Note that in dm, the vertical fuU hues 
correspond to pull back operations modded out by torsion; however, the quotient 
7r*(J')/Torsion(7r*(J^)) is just a subsheaf of E{2P) unless J" is a bundle. That's 
why the correspondent vertical line is dotted. 

Now let fc-p be the residual field at P. Use the natural isomorphism 

Hom(C'^", (Op/m^) ® Ep) ^ Hom(A:|^ (Op/m^) Ep) 

in order to consider ip : k^"" — J> (Op/xn^) Cg> Ep. We claim that if a coherent sheaf T 
fits into a diagram like (|2.6I) . then it is torsion free if and only if (p is injective. To 
prove this, first, let {ct}'^^-^ denote the standard basis of k®"-, take Ep = (B^^iOpSi 
and write 

r 

ipiei) = ^ (flijT + bijt) (g) Sj 

with aij, bij G fcp ~ k. Now J-" satisfies the following local commutative diagram 
^ m®'^ -^-^ Of," ^ kp ^ 



^ mf'' ^ J'p ^ kp s- 

and J-p is the pushout of (pp and i. Hence 

Tp ^ O®'^ ® m®7{(a;, -0p(x)) | x e m®"^}. 

But note that (f)p is, by construction, closely related to the ip above. Indeed, one 
may write 

r 

4>p{t^e^) = Oyt^ + b,jt^ + h.jf^ 

i=i 
where t is a local parameter for the integral closure Op ~ Op and htj e Op. 
Assume (p is not injective. Then for a nonzero v = {vi, . . . , Va) £ fc^" — k®°- C O®" 

we have p{v) = 0. Thus clearly {v,—t'^{J2'i=i®^=i'^if^ij)) 7^ in Tp because 
w ^ m®". But 






hence Tp has torsion and so does J^. , suppose z{x,y) ~ 0. Then zj/ = —(f>p{zx). 
If z 7^ and a; G mp" then y = -~(f>p{x) which implies {x,y) = 0. Thus J-p admits 
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torsion only if 

for some Vi,Wj,c,d € k and h,hi,gj £ Op where c ^ 0, every Wj ^ 0, all Uj > 2 
and Vi' ^ for some i' € {1, . . . , a}. Writing (jjp — {(ppi , . . . , 4'Pr)^ then for every 
J G {1, . . . , r} we have 

CWji"+"^ + . . . = -(/)pj [ CVi i" + dVi t^+i + . . . J 

(a \ / a a \ 

and since nj > 2 we get 



Vittn = 2J «i^i. 



7 , '^i^'ij 

i=l i=l 



which means that for u = (wi, . . . , Va) we have (p(u) = 0. But v ^ Q since Vii ^ 0. 
So 99 is not injective. 
Now consider 

(2.11) W := (Op/m|) ®o_ Sp - (Op/mp ®k^ mp/mp ®o_ %. 

Note that we arc not able to use the distributive law here. On the other hand, W 
is a vector space over k-p of dimension 2r with basis {1 Si, t Si}^^^. Moreover, 
Op/rrip- (8)0— -Ep is by definition the fiber E,-py Besides rrip/m^ is naturally asso- 
ciated to the fiber of the dualizing sheaf lj-^ at P. This leads us to consider the 
following linear isomorphism of vector spaces over fcp, defined on generators as 

fi: _W — > Eij;^®k-p{E®Oc^)(p) 

(2.12) l(g)Sj I — > (si(8)l)®0 
t®Si I — > Q®{si(g)dt(g)l). 

This enables us to finally take care of the other two items in the triple we are 
aiming to build, besides the bundle E we have already defined. In fact, for a given 
torsion free sheaf J- of scmirank a on C, consider the injective ip G Hom(fc^", W) 
associated to it. Set 

Now given any a-dimensional subspace V of E,-p-, ® (E <S> uj^) f-p\ one may fix a priori 
a basis {vi}f^i and consider the isomorphism 



v: V ^ k^"" 



Vi I > Ci 

This allows us to define the automorphism 

a := ^io ip o v : V — ;■ V 
which is in GL{V) since ip is injective and n, v are bijective. 
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We are ready to define the functor we are looking for. Set 

S: Ob(F(r,rf,a)) — > Ob(T(r,d,a)) 
[^] ^ iE,V,a) 

It is well defined since, for g and g denoting the arithmetic genus of C and C, we 
have 



degc£^ = degpf 



r{g - g) 

= (degc J^ + a)-r 
= d + a — r 

Now we define how the functor acts on morphisms. First, recall from the state- 
ment of the theorem in the introduction, that a morphism of triples 

is a morphism ^ : E ^ E' satisfying {^(p) ® ($ ® i)(p\){V) C V such that 
(2.13) V^^-^V 



*(-)©(*(81)(-) 



*Cp)©($®1)(-p, 



V' ^-^V' 

is a commutative diagram. 

So let / : J^ -> J^' be a homomorphism of torsion free sheaves on C and set 
d{T) := {E,V,a) and d{T') := {E',V',a'). li £ C T and £' C J"' are the 
subsheaves as in ()2.4p . then clearly / maps £ into f . It lifts to a morphism of 
vector bundles 

$ :== 7r*(/|£:)/torsion : ^ — > E' . 

on the normalization. 

We have the following commutative diagram 

(2.14) 




and an induced map fj 



^©a 



fc|"'. Set W 



(Op/m^) ® EL^ as in (l2lT]) 



and //' : W^' ^ i;'^ © (S' ® w^)f-p^ as in ({21^ . Let (^9 G Hom(fc|'',W^) and 



Uffia' 



(-P) 



93' S IIom(fc-^'' , VF') denote the homomorphisms associated to the extensions of 



diagram (|2.14p according to (|2.10p . By definition the following diagram commutes 

^(p)®(^(»Wc)(P) 



k^^-L^W^^ 



4" 



-^^^ W -^^ E 



*(-p)©(*®l)(7J) 



Since T/:=/io(p(A:®'') and y' := Ai'o(^(fc^" ) we have ($(p) ® (^(g) l)(p))(y) (zV. 
The fact that the diagram (|2.13p commutes for any choice of basis a and a' in V 
and y is straightforward. 
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The functor ^ is now defined both on objects and morphisms. By construction 
it is bijective on objects, so it remains to prove that ^ is fully faithful. 

So let $ : {E, V, a) — > {E' , V', a') be a homomorphism of triples on C. Let T and 
T' be torsion free sheaves on C with *([J"]) = (E, V, a) and *([J'']) = (S', V , a'). 

Note that both ii o ip and /i' o ip' are linear isomorphisms onto V and V^', so $ 



induces a map /- 

map fp : M®"^ -^ 7V/{®'»' 






U®a' 



and hence a map fp : fcf 



as in the diagram 







fp 



This yields a 



/j- 



The universal property of the push-out gives us a homomorphism 

/ : ^ ^ J-' 

such that the whole diagram commutes. It is uniquely determined as a map of 
extensions so ^ is fully faithful. 



D 
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